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Goldberger-Wise variations: Stabilizing brane models with a bulk scalar
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Braneworld scenarios with compact extra dimensions need the volume of the extra space to be stabilized.
Goldberger and Wise have introduced a simple mechanism, based on the presence of a bulk scalar field, able
to stabilize the radius of the Randall-Sundrum model. Here, we transpose the same mechanism to generic
single-brane and two-brane models, with one extra dimension and arbitrary scalar potentials in the bulk and on
the branes. The single-brane construction turns out to be always unstable, independently of the bulk and brane
potentials. In the case of two branes, we derive some generic criteria ensuring the stabilization or destabiliza-
tion of the system.
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Models with compact extra dimensions need the volu
of the extra space to be stabilized. This is a typical probl
of string-theoretical constructions, in which the existence
a mass term for moduli is vital for the viability of the mod
els. The inevitability of 9 or 10 spatial dimensions in strin
theory provides one of the main motivations for the rec
interest in extra dimensions, although many scenarios
are not necessarily linked to string theory have also b
envisaged. Among these, the one proposed by Randall
Sundrum@1# has been an object of intense study. One of
~many! features that make the scenario so interesting is
presence of a single extra dimension, that allows fo
detailed—and not too complicated—analysis of the mo
and of its possible modifications.

Soon after the proposal of@1# ~that did not address th
problem of the stabilization of the extra space!, Goldberger
and Wise@2# considered a simple mechanism, based on
presence of a bulk scalar field, able to stabilize the radiu
the Randall-Sundrum model, as was proved in detail in@3#
and@4#. Since then, the literature has been enriched by m
works about brane models in the presence of bulk sca
The importance of radion stabilization is related to the p
nomenological consistency of the models@5# as well as to
possible observational consequences@6#. For some specific
form of the scalar field potential the behavior of the syst
could be reconstructed@7#, by solving the bulk Einstein
equations. In most cases, however, such a solution can
be obtained either in the limit in which the back reaction
the scalar field on the background geometry is negligible
numerically. For instance, the dynamics which leads vari
examples of two-brane models to stable equilibrium was
cently studied numerically in@8#.

In the present paper we will analyze the spectrum of s
lar perturbations for (411)-dimensional brane models in th
presence of a bulk scalar field. Our main goal is to prov
criteria that can tell us in which case tachyon modes eme
a system with tachyon modes is unstable and would quic
decay into some different ground state. We analyze the e
tions describing scalar perturbations around a backgro
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with (311)-dimensional flat branes, without referring to an
specific potential for the scalar field, and without making a
approximation. We classify models only on the basis of
behavior of the background metric and scalar field. We fi
that, under general assumptions, models with only one br
always feature tachyon modes, consistently with the con
ture in @3#. In the case of models that include two branes,
provide general criteria about the presence or the absenc
tachyon modes in the spectrum of the theory.

I. SETUP AND MAIN EQUATIONS

We consider a five-dimensional spacetime, with fo
dimensional Minkowski sections~spanned by the coordi
natesxm) and one compact extra dimensiony. Two three-
branes are located at the fixed pointsy5y2 and y5y1

.y2 of a Z2 symmetryy↔2y2y1 , y↔2y22y. In Sec. II
we will specialize to the case in which only one brane
present. The matter content of the model is given by a b
scalar fieldw, with a bulk potentialV(w) and additional
potential termsU6(w) localized on the branes. A possib
cosmological constant in the bulk and eventual brane t
sions are included in the definition ofV andU6 . The~back-
ground! metric for such a system can be written as

ds25ḡMNdxMdxN[a~y!2~habdxadxb1dy2!, ~1!

with hab5diag(21,1,1,1).
Denoting by a prime the derivative with respect to t

extra coordinatey, and definingH(y)[a8(y)/a(y), we
write the background equations of motion as

w0913Hw082a2
dV

dw
~w0!5d~y6!a

dU6

dw
~w0!,

H85H22
k2

3
w08

22d~y6!
a

3
k2U6~w0!, ~2!

with the constraint
©2004 The American Physical Society10-1
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H25
k2

6 F1

2
w08

22a2V~w0!G . ~3!

k2 represents the five-dimensional Newton constant.
The Israel junction conditions, together with the integ

tion of the Klein-Gordon equation across the branes, give
boundary conditions at the brane locations

H~y6!56
k2

6
a~y6!U6@w0~y6!#,

w08~y6!57
1

2
a~y6!

dU6

dw
@w0~y6!#. ~4!

In order to study the stability of this system, we pertu
the metric and the scalar field asgMN5ḡMN1hMN , w5w0
1dw, with

hab52a~y!2~chab2]a]bE!

ha55h5a52a~y!2]aB

h5552a~y!2f. ~5!

Since we expect possible instabilities to come fro
(311)-dimensional scalar modes~the radion!, we limit our
analysis to scalar perturbations.

The system turns out to be fully described by the follo
ing three gauge invariant quantities:

C[c1H~B2E8!,

F[f1H~B2E8!1~B2E8!8,

D[dw1w08~B2E8!, ~6!

and the linearized bulk Einstein equations reduce, in term
these gauge invariants, to the constraints

F522C, ~7!

2w08D53~C812HC!, ~8!

and to the dynamical equation~written here only in the bulk,
we will treat the boundaries separately!

hC14HC81~6H212H8!C

5
1

3 Fw08D82a2
dV

dw
~w0!DG , ~9!

from which we derive a wave equation forC in the bulk

C91hC1S 3H22
w09

w08
D C8

14S H82H
w09

w08
D C50, ~10!
08401
-
e
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where the box denotes the four-dimensional D’Alembert o
erator.

The last equation can be rewritten as

u91hu2
u9

u
u50, u[

H

a3/2w08
, ~11!

where we defined, in analogy with the usual fou
dimensional cosmological case@11#, u[(a3/2/w08)C.

In general, there can be at least one pointy0 in which
w08(y0)50 and the equations of motion forC and u are
singular. However, it is possible to go across the singula
using a third quantity whose equations of motion rem
regular @12#. This is the equivalent~for our 5-dimensional
setup! of the Mukhanov variable@13#, i.e.

v[a3/2S D2
w08

H
C D 523uS u

u D 8
, ~12!

that obeys

v91hv2
z9

z
v50, z[1/u, ~13!

where the ratio

z9

z
5

15

4
H22

19k2

6
w08

21a2
d2V

dw2
1

2k4

9

w08
4

H2

1
4k2

3

w08

H
a2

dV

dw
, ~14!

is always regular as long asHÞ0. Going back to the metric
perturbation is straightforward using the relation

hC5
w08

a3/2

~uv !8

3u
. ~15!

The boundary conditions forC can be obtained by per
turbing the Israel junction conditions and the Klein-Gord
equation. Besides the perturbed quantities defined above
has in this case also to take into account the perturbationz6

of the position of the branes. Defining the gauge invari
Z6[z62@B(y6)2E8(y6)#, the junction conditions yield
Z650, whereas the Klein-Gordon equation gives the f
lowing boundary conditions:

g6@C8~y6!12H~y6!C~y6!#1hC~y6!50, ~16!

where we have defined

g6[H~y6!2
w09~y6!

w08~y6!
7

1

2
a~y6!

d2U6

dw2
@w0~y6!#.

~17!

Fourier transformation of the above equations along
four ordinary dimensions amounts to the substitution of
h operator with the mass eigenvaluem2. Solving Eq.~10!
with the boundary conditions~16! leads to a discrete mas
0-2
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spectrum, corresponding to the various Kaluza-Klein eig
modes. In the next sections we will study the conditio
leading to the generation of tachyon modes (m2,0) that
signal an instability of the model.

II. ONE BRANE

It is possible to construct models that include only o
brane. In this case, theZ2 symmetry emerges naturally, wit
all quantities remaining regular in the second fixed point.
this section, we will locate the brane aty5y1 , and we will
assume the other fixed pointy2 to be aty250. In this case,
the Z2 symmetry aty50 imposes

w08~0!5H~0!50. ~18!

The constraint equation~3! then implies that the potentia
V(w) has to vanish aty50. Close toy50, the solution of
the Einstein equations~2! reads

w0~y!5w0~0!1
1

2
a~0!2

dV

dw
@w0~0!#y21O~y4!,

H~y!52
k2

9
a~0!4FdV

dw
@w0~0!#G2

y31O~y5!.

~19!

We see from the last equation thatH(y) has to be negative
close toy50. In fact, this turns out to be the case eve
where,

;yP]0,y1], H~y!,0. ~20!

Indeed, ifH reaches zero at somey5yH , ~i! eitherw08(yH)
does not vanish, and then, by Eq.~2!,

H8~yH!,0;

~ii ! or w08(yH) vanishes~but thenw09 is nonzero, otherwise
the bulk scalar field would reduce to a cosmological co
stant!. In this case, the derivatives of Eq.~2! show that
H8(yH)5H9(yH)50, while

H-~yH!52
2

3
k2w09

2~yH!,0.

So, in both cases~i! and~ii !, H should be turning from posi
tive to negative, which is in contradiction with the fact th
H(y,yH),0.

We will prove the existence of at least one tachyon mo
in the perturbations of this setup. To begin with, let us defi
a functionF whose zeros will give the Kaluza-Klein mas
spectrum,

F~m2![g1Pm2~y1!1m2Cm2~y1!, ~21!

where

Pm2~y![Cm28 ~y!12H~y!Cm2~y!. ~22!
08401
-
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In Eqs. ~21!, ~22!, Cm2(y) is a solution of Eq.~10! that
satisfies the boundary condition~16! at y50. Such a bound-
ary condition, as well as the regularity of Eq.~10! in y50,
imposes thatCm28 (0)50 for every value ofm2 @this can also
be seen from Eqs.~8!, ~18!#. Without loss of generality we
set Cm2(0)51 @15#. Also note that Eq.~10! can be conve-
niently reexpressed as a Hamilton-like system

Pm28 5S 2H12
w09

w08
D Pm21S 2m21

2k2

3
w08

2DCm2,

Cm28 5Pm222HCm2, ~23!

with the following initial conditions iny50:

~Cm2,Pm2!5~1,0!, ~Cm28 ,Pm28 !5~0,m2!. ~24!

It turns out thatF(m2) always goes through zero for som
negative value ofm2. To reach this result, one should fir
note that the equation of motion forCm2 can be explicitly
solved form2→2`. In this limit, Eq. ~13! reduces to

vm29 1m2vm22
6

y2
vm250. ~25!

We can solve this equation imposing the boundary condit
C(0)51. The solution reads

vm2523
a~0!21/2m2

dV/dw@w0~0!# F S 12
3

m2y2D cosh~ umuy!

23
sinh~ umuy!

umuy G•@11O~m22!#. ~26!

From this expression we can obtain the behavior ofCm2 for
umuy@1,

Cm2~y!52
1

2

a~0!3/2

a~y!3/2

w08~y!

a~0!2dV/dw@w0~0!#
eumuy

3F umu1S u8~y!

u~y!
2

3

yD1O~ umu21!G ,

Pm2~y!52
umu
2

a~0!3/2

a~y!3/2

w08~y!

a~0!2dV/dw@w0~0!#
eumuy

3F umu1S k2w08
2

3H
1

3

yD 1O~ umu21!G . ~27!

In particular, fory5y1 , we have in the limitumuy1@1
0-3
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Cm2.2
umu
2

a~0!3/2

a~y1!3/2

w08~y1!

a~0!2dV/dw@w0~0!#
eumuy1,

Pm2.umuCm2. ~28!

In the above equations,dV/dw@w0(0)# has the same sign a
w08(y) for y close toy50. If we assume thatw08 vanishes in
an odd number of points in the range ]0,y1@ , this sign will
be opposite to the one ofw08(y1); so, Cm2(y1) and
Pm2(y1) will both be positive. This implies that

F~2`!5 lim
m2→2`

m2Cm2~y1!52`. ~29!

In the opposite case, i.e. whenw08 vanishes in an even num
ber of points in the range ]0,y1@ , we get thatF(2`)5
1` ~of course, in the case ‘‘even number of zeros,’’ w
include the configurations with no zeros at all!.

The equation of motion~10! or the system~23! can be
solved explicitly in a second case, whenm250,

C0~y!5122
H~y!

a~y!3E0

y

a~ ỹ!3dỹ,

P0~y!5
2k2

3

w08~y!2

a~y!3 E0

y

a~ ỹ!3dỹ. ~30!

This solution is such thatC0(y)>1, C08(y)>0 andP0(y)
>0. So,F(0)5g1P0(y1) is of the same sign asg1 . On
the phase-space diagram of Fig. 1, we plot the two soluti

FIG. 1. The phase-space trajectory for the three modesm2

50,m1
2 ,2`, for a particular single-brane background withV(w)

52V01(m2/2)w2, U(w)5U02(m2/2)w2, and w0(0)
5(2V0 /m2)1/2. In this example, there are no points wherew0850.
The zero-mode trajectory is the very short line starting from~1,0!
and moving upward and right. The modem1

2 is defined in the text as
the first one hitting the axisC50, whenm2 decreases from 0 to
2`. On the upper right, we also show the functionF(m2) for the
same model, in the caseg1.0. The three black dots correspond
F(m2)50, i.e., to the first three Kaluza-Klein modes. Two of the
are tachyon modes.
08401
s

m2→2` and m250 obtained numerically for a particula
choice of background.

For the last step of the proof, we should distinguish b
tween three cases.

~a! If w08 has an even number of zeros in the range ]0,y1@
andg1 is negative, orw08 has an odd number of zeros andg1

is positive, we immediately see thatF(0) andF(2`) have
opposite signs, soF(m2) goes through zero for some neg
tive value ofm2 @16#, and the system has at least one tachy
mode.

~b! If w08 has an even number of zeros in the range ]0,y1@
andg1 is positive, orw08 has an odd number of zeros andg1

is negative,F(0) and F(2`) have the same sign, so w
cannot draw an immediate conclusion. However, it is n
difficult to show that there exists at least one valuem1

2,0
such thatF(m1

2) andF(0) are of opposite sign.
The crucial point is that in the limitm2→2`, the trajec-

tory „Cm2(y),Pm2(y)… always includes some points whe
Cm2(y) is negative. Whenw08 has an even number of zero
this is obvious, since we know thatCm2(y1) must be nega-
tive in the large2m2 limit. When w08 has an odd number o
zeros, we will focus on the first of them, i.e., the smalle
coordinate valuey0 for which w08(y0)50. The sign of
Cm2(y0) can be extracted in the limit of large2m2 using
Eq. ~27!. The leading nonvanishing term comes fromu8/u,
that diverges asy→y0, but is multiplied by the overall factor
w08(y). We are thus left with

Cm2~y0!5
a~0!3/2

a~y0!3/2

w09~y0!

a~0!2dV/dw@w0~0!#

eumuy0

2
. ~31!

In this expression,dV/dw@w0(0)# has the same sign a
w08(y) for y close to zero, whereasw09(y0) has the opposite
sign. As a consequence,Cm2(y0) turns out to be negative fo
large enough2m2.

This fact has important consequences. Whenm2 varies
from zero to 2`, the phase-space trajector
„Cm2(y),Pm2(y)… moves in a continuous way from solutio
~30! to solution ~27!. The former is such thatC>1, while
the latter includes points withC,0. So, unavoidably, there
exists a valuem1

2 for which the trajectory just touches th

axis C50 for some valueȳ,

;y, Cm
1
2~y!>0 and Cm

1
2~ ȳ!50. ~32!

In y5 ȳ, the derivativeCm
1
28 cannot be positive, since th

trajectory comes from the regionC.0. So, Pm
1
2( ȳ)

5Cm
1
28 ( ȳ) can only be negative or zero. Let us discuss th

two cases.
~i! If Pm

1
2( ȳ),0, we find thatȳ must be equal toy1 ,

because otherwiseCm
1
2(y) would reach some negative va

ues fory. ȳ, in contradiction with the definition ofm1
2.

~ii ! If Pm
1
2( ȳ)50, the trajectory reaches the origin o

phase-space. Let us suppose thatȳ is a special point where
0-4
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w08 vanishes. Then, the behavior around the origin can
deduced directly from the perturbed Einstein equatio
~8!,~9!: it is easy to show thatCm

1
29 ( ȳ) vanishes, but not

Cm
1
2- ( ȳ). So,

Cm
1
2~y!.a~y2 ȳ!3, Pm

1
2~y!.3a~y2 ȳ!2, ~33!

wherea is an unknown parameter. This behavior cannot
cur for the modem1

2, becauseCm
1
2(y) would change sign in

y5 ȳ, in contradiction with the definition ofm1
2. So, ȳ can

only be in the range ]yn ,y1] where yn is the last point in
which w08 vanishes. In this range, the trajectory is govern
by the system~23!, which tells that the trajectory will remain
in „Cm

1
2,Pm

1
2(y)…5(0,0) until y5y1 .

So, we have proved that in any case, the modem1
2 is such

that

Cm
1
2~y1!50, Pm

1
2~y1!<0. ~34!

The trajectory corresponding tom1
2 is shown in Fig. 1 for a

particular choice of background. We finally obtain th
F(m1

2)5g1Pm
1
2(y1) is of opposite sign tog1 . Since we

know thatF(0) is of the sign ofg1 , there is always at leas
one tachyon mode with a squared mass in the rangem1

2

<m2,0 ~and in many cases, it is straightforward to pro
the existence of a second one in the range2`,m2,m1

2).
~c! If g150, or if w08(y1)50, we see thatF(0)50. So,

there is a zero-mode, whose existence is phenomenologi
unacceptable, since it mediates~unobserved! long range
forces, unless theC wave function is sufficiently suppresse
on the brane. Precisely, Eq.~30! shows thatC0(y1) must be
bigger thanC0(0) and than the wave function of the mas
less graviton on the brane. As a consequence,C would carry
long-range forces stronger than gravity.

We insist on the fact that our conclusion does not rely
any particular assumption concerning the background s
tion. Therefore, any codimension-1 compact model that
cludes one brane at a fixed point of aZ2 symmetry and a
bulk scalar field will have at least a tachyon mode, and w
be unstable. This agrees with the conjecture that was mad
@3# about the impossibility of stabilizing models in which th
background behaves at some point as in Eqs.~19!—and
proves it in the particular case of compact models with o
one brane.

III. TWO BRANES

In this section we will apply to systems of two bran
techniques that are similar to the one used in the above
tion. We will deduce some properties of the potentialsV(w)
and U6(w) that allow us to establish whether any tachy
~or zero! modes exist in the system.

To prove the absence of tachyon or zero modes, we s
ply require that the equations

g2Pm2~y2!1m2Cm2~y2!50 ~35!
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and

g1Pm2~y1!1m2Cm2~y1!50 ~36!

cannot be solved simultaneously form2<0.

A. Zero modes

The existence of zero modes has been studied in@9#. We
review it here for completeness. First, it can immediately
seen that ifg1 or g2 vanish, then one of the equations~35!
and ~36! with m250 is identically verified~whereas the
other can be used to fix the boundary conditions!, indicating
the existence of a zero mode. Suppose now thatg6Þ0. For
m250, Eq. ~11! can be solved explicitly, yielding

u0~y!5c1u~y!1c2u~y!E
y2

y

u~ ỹ!22dỹ, ~37!

that is,

C0~y!5Fc12
3

k2

a~y2!3

H~y2!
c2G H~y!

a~y!3

1
3

k2
c2F122

H~y!

a~y!3Ey2

y

a~ ỹ!3dỹG
P0~y!52

k2

3

w08~y!2

a~y!3 Fc12
3

k2

a~y2!3

H~y2!
c2G

12c2

w08~y!2

a~y!3 Ey2

y

a~ ỹ!3dỹ. ~38!

Now, if g6Þ0, a zero mode exists if the equation
P0(y2)50 and P0(y1)50 can be solved simultaneous
with nonvanishingc1 andc2. The only case in which such
condition is verified is if eitherw08(y2) or w08(y1) vanish.
Therefore, to summarize, zero modes exist if and only if
least one of the conditionsg150, g250, w08(y2)50 and
w08(y1)50 holds. In no other case will massless mod
emerge.

B. A condition for stability

Let us now turn to the existence of tachyon modes.
will assume that the scale factora(y) is a monotonic func-
tion of y ~therefore the case in whichH50 at some point
will not be considered in the present and the following su
section!, and we choose without loss of generality the po
tion of the branes in such a way thatH(y),0. We will also
assume thatw08 does not vanish at any point~the case in
which w08 has zeros will be considered in the next subs
tion!. Now suppose thatg2.0. Then Eq.~35! implies that,
for negativem2, Cm2(y2) andPm2(y2) must have the same
sign. Without loss of generality we can assume it to be po
tive, and supposeCm2(y2)51. Then the second of Eq.~23!
shows that, as long asPm2(y) is positive,Cm2(y).1. But it
is easy to see thatPm2(y) can never become negative. In
0-5
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deed, to become negative, it should cross zero, but forPm2

50, the first of Eqs.~23! shows that~sincew08Þ0 by hy-
pothesis! at that pointdPm2 /dy.0, so it cannot be turning
from positive to negative. Thus we conclude that for wh
ever m2,0, Cm2(y1) and Pm2(y1) will be positive. As a
consequence, ifg1 is negative, Eq.~36! cannot be fulfilled
for any negativem2. Thus, for g2.0 and g1,0, no
tachyon modes can exist and the system turns out to beal-
waysstable, as long as the conditionsHÞ0 andw08Þ0 hold.
From the definition~17! we see that, ifd2U6 /dw0

2→1` the
system isalwaysstabilized. In particular, this was the regim
analyzed in@2#. Actually, from the above considerations
follows that any bulk potentialV(w) which does not spoil
the conditionsHÞ0 andw08Þ0 can lead to radius stabiliza
tion if d2U6 /dw0

2 are positive and large enough.

C. Instability of other cases

Keeping the assumption thata is a monotonic function of
y, and that the position of the branes is chosen in such
that H(y),0, we will show here that the three criteria fo
mulated in the previous subsection—w08(y)Þ0, g2.0 and
g1,0—represent a necessary and sufficient condition
stability.

Our strategy will be analogous to the one of the previo
section, and we will make use of the functionF(m2) defined
in Eq. ~21!. To begin with, we observe thatCm2(y2) cannot
vanish. Indeed, if this were the case the boundary condi
~35! would impose that alsoCm28 (y2) vanishes~since we
know that ifg650 a zero mode exists, we will assume fro
now on thatg6Þ0). Then Eq.~10! would be trivially solved
by C50. We will thus be allowed to assume that the fun
tion Cm2 appearing in the definition~21! is a solution of Eq.
~10! such thatCm2(y2)51, andCm28 (y2) is determined by
Eq. ~35!.

We can evaluateF(m2) at m250 andm2→2` as fol-
lows. For m250, the solution of Eq.~10! is given in Eq.
~38!. Imposing the boundary condition~35!, we get exactly
the same solution„C0(y),P0(y)… as in Eqs.~30!, and we
find thatF(0) is of the sign ofg1 ,

F~0!5S 2k2

3

w08~y1!2

a~y1!3 Ey2

y1

a~ ỹ!3dỹD g1 . ~39!

Let us then turn to the evaluation ofF(m2→2`). In the
limit of large 2m2, the equation forv is trivial,

v91m2v50. ~40!

We can then find the solution forCm2(y) using Eq.~15!, and
normalize it to Cm2(y2)51 and to Eq.~35!. For umu(y
2y2)@1, the final solution reads
08401
-

y

r

s

n

-

Cm2~y!.
1

g2

a3/2~y2!

a3/2~y!

w08~y!

w08~y2!

3F umu1S g21
u8~y!

u~y!
2

u8~y2!

u~y2! D1O~ umu21!G
3

eumu(y2y2)

2
,

Pm2~y!.
umu
g2

a3/2~y2!

a3/2~y!

w08~y!

w08~y2!

3F umu1S g22
k2w08

2

3H
2

u8~y2!

u~y2!
D 1O~ umu21!G

3
eumu(y2y2)

2
. ~41!

Inserting this expression in Eq.~21! gives, at leading order in
um2u,

lim
m2→2`

F~m2!5m2
umu
g2

a3/2~y2!

a3/2~y1!

3
w08~y1!

w08~y2!

eumu(y12y2)

2
, ~42!

which is of opposite sign to@g2w08(y1)/w08(y2)#. We shall
now distinguish between various cases.

~a! If g1 and@g2w08(y1)/w08(y2)# have the same sign,F
has a zero betweenm250 andm2→2`, so there is at leas
one tachyon mode.

~b! If g1 and @g2w08(y1)/w08(y2)# have opposite signs
and w08 vanishes at least in one pointy0 in the range
] y2 ,y1@ , we know that in the limitm2→2`, the solution
for Cm2(y) must change sign in the vicinity ofy0, sincew08
is in a factor of Eq.~41!. So, we can use the same argume
as in the single brane case: sinceCm2(y) is strictly positive
for m250 and goes to negative values form2→2`, there
exists a modem1

2 obeying the definition~32!. This mode
must fulfill condition ~34!, and so

F~m1
2!5g1Pm

1
2~y1! ~43!

is of opposite sign tog1 and to F(0). So, F has a root
betweenm25m1

2 and m250, corresponding to a tachyo
mode.

~c! Finally, if g1 and@g2w08(y1)/w08(y2)# have opposite
signs and w08 never vanishes—which implies tha
w08(y1)/w08(y2) is positive—we can say~i! either g1.0
and g2,0, and Eq.~41! shows that for any value ofy,
Cm2(y) is negative for sufficiently large2m2, so we can
define the modem1

2 in the same way as in case~b! and reach
the same conclusion that there is at least one tachyon m
0-6
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~ii ! or g1,0 andg2.0, and we are exactly in the case
the previous subsection, in which we know that there is
tachyon mode.

The cases~a!, ~b! and ~c! include any possible situ
ation.So, we conclude that for two-brane systems with
monotonic scale factora(y), the necessary and sufficien
condition for radion stabilization reads

g1,0, g2.0, and ;y, w08~y!Þ0 ~44!

if the brane positions were chosen in such way thatH(y)
,0—the alternative choiceH(y).0 would lead tog1.0,
g2,0.

Criteria that guarantee radius stabilization were studie
@10#, using an approach based on a four-dimensional ef
tive description of the system. Theextremization constrain
formulated in@10# can be rewritten in terms of the quantitie
defined in the present paper as

w08~y2!2a~y2!y2
2 g22w08~y1!2a~y1!y1

2 g1>0, ~45!

where the inequality is saturated when there is a mass
radion. This is indeed a necessary condition, since forg2

positive andg1 negative the inequality~45! always holds.
On the other hand, the criteria that led to tachyon mo
cannot be obtained by the above formula, which does
represent, as a consequence, a sufficient condition for ra
stabilization. We attribute this to the fact that a fou
dimensional effective description is valid only if the syste
is actually close to a stable point.

Before giving an explicit example, we remark that t
results discussed in the previous section for a single br
cannot be obtained as a special case of the present analy
is true that systems with a single brane can be seen
special case of two-brane systems, in two different wa
First, one can imagine that one of the two branes is fake
has a vanishing tensionU250. Second, one can impos
U25U1 : then, there is a new symmetry with respect toy
5(y11y2)/2, and the system is equivalent to a one-bra
system plus its mirror image. In the first case, however,
would havew8(y2)50 and thereforeg2 would be diver-
gent. In the second case one would have thata(y) is not
monotonic between the two branes. In both cases, the an
sis of the present section would not hold. This is why
have devoted a separate section to the single-brane cas

D. An example

As an application of our formalism, let us consider t
Goldberger-Wise model@2#. We consider a slight modifica
tion of the original model, replacing the quartic terms in t
brane potentials by quadratic terms, such that the bulk
brane potentials read, respectively,
08401
o
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V~w!52
6

k2,2
1m2w2,

U6~w!57
6

k2,
1

m6

2
~w2v6!2. ~46!

In the spirit of the original paper@2#, we have assumed fo
the brane tensions their RS value76/(k2,). However, con-
sistency requires that the sumU11U2 be not positive@14#.
Therefore, in general eitherm1 or m2 will have to be nega-
tive. Although negative mass terms are present in the fi
dimensional Lagrangian, this will not induce an instability
long as tachyonic modes do not appear in the fo
dimensional effective theory. Alternatively, we could ha
chosen to detune the brane tensions, thus allowing fo
negative value ofU11U2 even for positive values of both
m1 andm2 .

We now fix,, m, m2 andv2 , solve Eqs.~4! in y2 for w
andw8, and evolve the bulk equations~2! until the position
of the second braney1 is reached. There we read the valu
of m1 andv1 . Therefore, we can deduce the behavior ofg1

as a function ofy1 . In Fig. 2 such behavior is plotted for th
following choice of parameters: 6/(k2,2)5100, kv251,
m25100m. This implies thatg2.35m is positive. The plot
shows the presence of a critical valueyc of y1 such that, for
y1,yc , g1 has the same sign asg2 . Therefore, according
to the discussion of the preceding paragraphs, the syste
unstable. On the other hand, fory1.yc , the system fulfills
the stability criteria of the previous section, and no tachy
mode should appear.

As a cross check, in Fig. 2 we also plot the value of t
squared mass of the first Kaluza-Klein mode~in units ofm2)
as a function ofy1 . Such a plot is obtained by numericall
searching the first zero of the functionF(m2) defined in Eq.
~21!. It is apparent that, wheng1 crosses zero, the square

FIG. 2. Value ofg1 and of the squared mass of the lighte
Kaluza-Klein mode for the model~46!. The value of the various
parameters can be found in the main text. The critical valueyc

below which the system is unstable is such thatyc2y2

.0.11m21.
0-7
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mass of the first Kaluza-Klein mode turns from negative
positive. We thus see that the analytical criteria~44! are veri-
fied by a full numerical computation. Moreover, for th
model at hand, we see easily that there is a critical dista
yc below which the model cannot be stable.

In conclusion, we have seen that the stability and insta
ity of the system we have considered are essentially enco
in the value ofg1 andg2 ~that depend only on backgroun
quantities!. We have shown that models including only o
brane are unstable, independently of the bulk and brane
tentials. Zero modes emerge if and only if at least one am
the quantitiesg2 , g1 , w08(y2) and w08(y1) vanishes. As-
ys
l,

rb

ys

y

n,

08401
ce

l-
ed

o-
g

suming thatH(y) is everywhere negative betweeny2 and
y1 , the condition for stability is thatw08 should never vanish
in this interval, while the quantitiesg2 andg1 defined in Eq.
~17! should be, respectively, positive and negative.
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