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Goldberger-Wise variations: Stabilizing brane models with a bulk scalar
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Braneworld scenarios with compact extra dimensions need the volume of the extra space to be stabilized.
Goldberger and Wise have introduced a simple mechanism, based on the presence of a bulk scalar field, able
to stabilize the radius of the Randall-Sundrum model. Here, we transpose the same mechanism to generic
single-brane and two-brane models, with one extra dimension and arbitrary scalar potentials in the bulk and on
the branes. The single-brane construction turns out to be always unstable, independently of the bulk and brane
potentials. In the case of two branes, we derive some generic criteria ensuring the stabilization or destabiliza-
tion of the system.
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Models with compact extra dimensions need the volumewith (3+ 1)-dimensional flat branes, without referring to any
of the extra space to be stabilized. This is a typical problenspecific potential for the scalar field, and without making any
of string-theoretical constructions, in which the existence ofapproximation. We classify models only on the basis of the
a mass term for moduli is vital for the viability of the mod- behavior of the background metric and scalar field. We find
els. The inevitability of 9 or 10 spatial dimensions in string that, under general assumptions, models with only one brane
theory provides one of the main motivations for the receng@lways feature tachyon modes, consistently with the conjec-
interest in extra dimensions, although many scenarios thdtre in[3]. In the case of models that include two branes, we
are not necessarily linked to string theory have also beeRrovide general criteria about the presence or the absence of
envisaged. Among these, the one proposed by Randall aff@chyon modes in the spectrum of the theory.

Sundrum[1] has been an object of intense study. One of the

(many) features that make the scenario so interesting is the I. SETUP AND MAIN EQUATIONS

presence of a single extra dimension, that allows for a

detailed—and not too complicated—analysis of the model We consider a five-dimensional spacetime, with four-
and of its possible modifications. dimensional Minkowski sectiongspanned by the coordi-

Soon after the proposal ¢f] (that did not address the natesx“) and one compact extra dimensignTwo three-
problem of the stabilization of the extra spac€oldberger branes are located at the fixed pointsy_ and y=y,
and Wise[2] considered a simple mechanism, based on the-y_ of aZ, symmetryy—2y—y. , y—2y_—y. In Sec. |l
presence of a bulk scalar field, able to stabilize the radius ofve will specialize to the case in which only one brane is
the Randall-Sundrum model, as was proved in detaflBih  present. The matter content of the model is given by a bulk
and[4]. Since then, the literature has been enriched by mangcalar field, with a bulk potentialV(¢) and additional
works about brane models in the presence of bulk scalargotential termsU-.(¢) localized on the branes. A possible
The importance of radion stabilization is related to the phecosmological constant in the bulk and eventual brane ten-
nomenological consistency of the modgtd as well as to  sjons are included in the definition ¥fandU .. . The (back-

possible observational consequenf@k For some specific  ground metric for such a system can be written as
form of the scalar field potential the behavior of the system

could be reconstructedi7], by solving the bulk Einstein dSZ:EMNdXMdXNEa(y)Z(naﬁdx“dxﬂJr dy?), ()
equations. In most cases, however, such a solution can only

be obtained either in the limit in which the back reaction ofwith 7,z=diag(—1,1,1,1).

the scalar field on the background geometry is negligible, or Denoting by a prime the derivative with respect to the
numerically. For instance, the dynamics which leads variou¢xtra coordinatey, and definingH(y)=a'(y)/a(y), we
examples of two-brane models to stable equilibrium was rewrite the background equations of motion as

cently studied numerically if8].

In the present paper we will analyze the spectrum of sca-
lar perturbations for (4 1)-dimensional brane models in the
presence of a bulk scalar field. Our main goal is to provide
criteria that can tell us in which case tachyon modes emerge:
a system with tachyon modes is unstable and would quickly
decay into some different ground state. We analyze the equa-
tions describing scalar perturbations around a backgroundith the constraint

dv dU.
" I a2 — —
pot3Hey—a dcp(<Po) 5(yi)a—d(P (¢0),

’ 2 K2 12 a 2
H'=H ~3 %0 _5(yt)§’< U.(¢o), 2
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) 271 _ where the box denotes the four-dimensional D’Alembert op-
H =513 %0 —aV(eo) |- (3 erator.
The last equation can be rewritten as

«? represents the five-dimensional Newton constant. ,

The Israel junction conditions, together with the integra- " _ 2 _ H
. ) X ) u”+Ou u=0, 6= , (12
tion of the Klein-Gordon equation across the branes, give the 0 a®2p)
boundary conditions at the brane locations

where we defined, in analogy with the usual four-
dimensional cosmological caggl], u=(a®% ¢)W.
In general, there can be at least one pgigtin which
¢4(Yo)=0 and the equations of motion foF and u are
, _ U. singular. However, it is possible to go across the singularity
¢0(yt):+§a(yr)w[¢0(yt)]- (4 using a third quantity whose equations of motion remain
regular[12]. This is the equivalentfor our 5-dimensional
In order to study the stability of this system, we perturbsetup of the Mukhanov variabl¢13], i.e.

the metric and the scalar field g@ANngNJr hun, ©= @0

K2
H(y-)= iga(Yt)Ut[SDO()&)],

: A u\’
+ 8¢, with v=a’? A—%‘P)=—39(5) ) (12
h,s=2a(y)2(yn,5— d,05E
A Y)W 7ap oF) that obeys
ha5: h5a: _a(y)zaaB 7"
5 v"+0v——v=0, z=1/6, (13
hss=2a(y)“¢. 5) z
Since we expect possible instabilities to come fromWhere the ratio
(3+1)-dimensional scalar modéthe radion, we limit our " 2 2 4 14
analysis to scalar perturbations. z_ E’ 2_ 19¢ (p62+a2d_v + ZL $o_
The system turns out to be fully described by the follow- z 4 6 de? 9 H?
ing three gauge invariant quantities: .
+ 4k Po 2dV 14
V=y+H(B-E"), 3 HYdg 19
d=¢p+H(B—E')+(B—E')’, is always regular as long &+ 0. Going back to the metric
perturbation is straightforward using the relation
A=6p+¢y(B—E’), (6) , )
o= £o (&) 15
and the linearized bulk Einstein equations reduce, in terms of S g32 36 (15

these gauge invariants, to the constraints
The boundary conditions foW can be obtained by per-

d=-2V, (7 turbing the Israel junction conditions and the Klein-Gordon
equation. Besides the perturbed quantities defined above, one
—@oA=3(V'+2HV), (8)  has in this case also to take into account the perturbation

of the position of the branes. Defining the gauge invariant
and to the dynamical equatidwritten here only in the bulk, 7z, =7, —[B(y.)—E’(y.)], the junction conditions yield
we will treat the boundaries separately Z.=0, whereas the Klein-Gordon equation gives the fol-

) lowing boundary conditions:
OV +4HWY' +(6H+2H")W¥

9+ [W'(y+)+2H(y )W (y.)]+0OW¥(y.)=0, (16

—_ IAT a2
=3[P’ ma d(p(qDO)A} © " \where we have defined
from which we derive a wave equation f&# in the bulk epoly=) 1 d?U.
g+=H(y+)—— +§a(Y:) 2 Leoly=)].
QD” (PO(yi) d(P
W OW 3H—2—?)\If’ (17)
o Fourier transformation of the above equations along the
ol four ordinary dimensions amounts to the substitution of the
+4|{H' —H—|¥=0, (100 O operator with the mass eigenvalo@. Solving Eq.(10)
Po with the boundary condition§l6) leads to a discrete mass
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spectrum, corresponding to the various Kaluza-Klein eigenin Egs. (21), (22), ¥ 2(y) is a solution of Eq.(10) that
modes. In the next sections we will study the conditionssatisfies the boundary conditi¢h6) aty=0. Such a bound-
leading to the generation of tachyon modes®€0) that ary condition, as well as the regularity of Ed.0) in y=0,

signal an instability of the model. imposes that| ,(0)=0 for every value of? [this can also
be seen from Eq98), (18)]. Without loss of generality we
Il. ONE BRANE setW,2(0)=1 [15]. Also note that Eq(10) can be conve-

. . . niently reexpressed as a Hamilton-like system
It is possible to construct models that include only one y P y

brane. In this case, th&, symmetry emerges naturally, with

all quantities remaining regular in the second fixed point. In , %0 ) 22 '
this section, we will locate the branewty, , and we will o=\ —H+2—= e+ | —m*+ 3 %o W2,
assume the other fixed poipt to be aty =0. In this case, o
the Z, symmetry aty=0 imposes
‘I’;ng=Hm2—2H\I’m2, (23

¢o(0)=H(0)=0. (18)

The constraint equatiof) then implies that the potential With the following initial conditions iny=0:
V() has to vanish ay=0. Close toy=0, the solution of

the Einstein equation®) reads (¥ 2, I12)=(1,0), (\If%z,Hr’nz):(O,mz). (24
1 ,dV ) .
¢o(Y) = ¢o(0) + 5a(0)" - [@o(0) Jy“+ Oy, It turns out thaf (m?) always goes through zero for some
¢ negative value om?. To reach this result, one should first
2 dv 2 note that the equation of motion f&¥ . can be explicitly
H(y)=— %a(oyl[d_[%(o)] y3+0O(yd). solved form?— —. In this limit, Eq. (13) reduces to
¢
(19
We see from the last equation thd{y) has to be negative U,r:12+m20 m2— 5 Um2=0. (25
close toy=0. In fact, this turns out to be the case every- y
where,
We can solve this equation imposing the boundary condition
Vye]0y.], H(y)<O. (200  W¥(0)=1. The solution reads
Indeed, ifH reaches zero at some=yy, (i) either ¢}(yH) a(0)~ 22 3
does not vanish, and then, by HE), =-3 1— cosh{|m
U= =3 gVIdeloo(0)] | | 1 mey2) OSIMIY)
H'(yn)<0; _
- —S|nr(|m|y) 1+0O(m2 (26
(ii) or @g(yn) vanishes(but theneg is nonzero, otherwise [mly gl (m=5]. )
the bulk scalar field would reduce to a cosmological con-
stan). In this case, the derivatives of E show that ) ) i )
H’()} )=H"(yy) =0, while @) From this expression we can obtain the behaviowgf: for
H H ’ |m|y>1’
H"(yn) =~ EK2<p”2(y )<0
osn TR 1a(0)* 5(Y)
Wra(y)=—5 emly
2 312 2
So, in both case§) and(ii), H should be turning from posi- a(y)™ a(0)"dVide[ ¢o(0)]
tive to negative, which is in contradiction with the fact that 0'(y) 3
H(y<yi)<0. | Imi+{ G2 oimi )|,
We will prove the existence of at least one tachyon mode
in the perturbations of this setup. To begin with, let us define
a functionF whose zeros will give the Kaluza-Klein mass |m| a(0)372 oY) .
spectrum, I2(y)=— > 7 5 emy
a(y)™= a(0)°dV/de[ ¢o(0)]
F(mz)Eg+Hm2(Y+)+mZ‘PmZ(YJr): (21 2(P62
x| |m|+ +=|+0(m|t } 2
where Iml+| 35 y (Im™H|. @7
a(y) =W fa(y) + 2H(Y) W a(y). (22)  |n particular, fory=y. , we have in the limi{m|y,>1
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m?— —o and m?=0 obtained numerically for a particular
choice of background.

For the last step of the proof, we should distinguish be-
tween three cases.

(@) If ¢4 has an even number of zeros in the rangg 10,
andg, is negative, okpg has an odd number of zeros agd
is positive, we immediately see thB{0) andF(—«) have
opposite signs, s&(m?) goes through zero for some nega-
tive value ofm? [16], and the system has at least one tachyon
mode.

(b) If 4 has an even number of zeros in the rangg ]0,
andg . is positive, ore(, has an odd number of zeros apd
; { is negative,F(0) andF(—«) have the same sign, so we
o cannot draw an immediate conclusion. However, it is not
) difficult to show that there exists at least one vatug<0

FIG. 1. The phase-space trajectory for the three mau@s such thaﬂ:(mi) andF(0) are of opposite sign.
=0,m3,—o, for a particular single-brane background wiffe) The crucial point is that in the limin?— — oo, the trajec-
=—Vo+t(m2)e?,  U(e)=Uo—(u?2)¢?  and  ¢o(0)  tory (W 2(y),I12(y)) always includes some points where
=(2Vo/m?)Y2 In this example, there are no points wherg=0. ¥ ,(y) is negative. Wherp, has an even number of zeros,
The zero-mode trajectory is the very short line starting frdn®) this is obvious, since we know that,2(y.) must be nega-
and moving upward and right. The mong is defined in the text as tive in the large— m2 limit. When ¢/, has an odd number of
the first one hitting the axi¥ =0, whenm? decreases from 0 to eros. we will focus on the first gf them. i.e. the smallest
—oo. On the upper right, we also show the functiétm?) for the z : . ) S .
same model, in the cage >0. The three black dots correspond to coordinate valuey, for Wh_'Ch 900(_y9)20' The ;‘Ign. of
F(m?) =0, i.e., to the first three Kaluza-Klein modes. Two of them ¥ m2(Yo) can be extracted in the limit of large m* using
are tachyon modes. Eq. (27). The leading nonvanishing term comes frai g,

that diverges ag—y,, but is multiplied by the overall factor

eo(y). We are thus left with

H 10

-0.5

312 /
mzz_ @ a(o) — - ‘Po(y+) ém|y+, s )
a(y+)*“a(0)*dV/de[ ¢o(0)] V()= a(0) ?o(Yo) dmivo a1
m?Yo) = 32 2 2
o [ e 08 a(y0)¥ a(0)?dV/de[ ¢4(0)]

] ) In this expressiondV/d¢[ ¢o(0)] has the same sign as
In the above equationdV/d¢[ ¢¢(0)] has the same sign as o4(y) for y close to zero, whereas!i(y,) has the opposite

¢o(y) fory close toy=0. If we assume thap, vanishes in - gign "As a consequencé,»(y,) turns out to be negative for

an odd nu_mber of points in th,e range\Q[, this sign will large enough- m2.
be opposite to the one obg(y.); so, ¥rz(y,) and This fact has important consequences. Wineh varies
m2(y ) will both be positive. This implies that from zero to —o, the phase-space trajectory
) (W 2(y),I12(y)) moves in a continuous way from solution
— 2 _ m m
F=e)= lim mWae(y,)=—c. (29 (30) to solution (27). The former is such tha’=1, while
m—=e the latter includes points with’ <0. So, unavoidably, there
In the opposite case, i.e. wherj, vanishes in an even num- ex!sts a valuems for Whl@ the trajectory just touches the
ber of points in the range ]9.[, we get thatF(—»)=  axis¥=0 for some valugy,
+o (of course, in the case “even number of zeros,” we _
include the configurations with no zeros apall vy, Wn2(y)=0 and ¥2(y)=0. (32
The equation of motior{10) or the system23) can be o
solved explicitly in a second case, whert=0, In y=y, the derivative\Ifr'nz cannot be positive, since the
1
(y) (v trajectory comes from the region/>0. So, Hmf(Y)
_1_ TN3AY , — . .
Woly)=1 2a(y)3fo a(y)*dy, =V >(y) can only be negative or zero. Let us discuss these
1
two cases. B
262 Q02 [V - o~ (i) If TI2(y)<O0, we find thaty must be equal ty. ,
Mo(y)=—>5—— f a(y)*dy. 30 i d reach Ve val.
a(y)® Jo ecause otherwis mi(y) would reach some negative va

ues fory>y in contradiction with the definition o'fni

This solution is such tha¥’o(y)=1, Wo(y)=0 andllo(y) (i) If Hmi(y)zo, the trajectory reaches the origin of

=0. So,F(0)=g,IIy(y.) is of the same sign ag, . On -
the phase-space diagram of Fig. 1, we plot the two solutionphase-space. Let us suppose thas a special point where
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¢p vanishes. Then, the behavior around the origin can band
deduced directly from the perturbed Einstein equations

_ 2 _
(8),(9): it is easy to show thatl! ,(y) vanishes, but not 9+ Hm2(y4) +m Wa(y.)=0 (36)
1

\p;:z(y)_ So, cannot be solved simultaneously fio<0.
1

‘I’mg(y)=a(y—7)3, Hmi(y)zSa(y—Y){ (33) | A. Zero modes -
The existence of zero modes has been studid@Jinwe
wherea is an unknown parameter. This behavior cannot ocleview it here for completeness. First, it can immediately be

cur for the moden?, becausel ,2(y) would change sign in  S€€n that ig.. org- vanish, then one of the equatio(&b)
1 _ and (36) with m*=0 is identically verified(whereas the

y=y, in contradiction with the definition ofn?. So,y can  other can be used to fix the boundary conditipirsdicating
only be in the rangeyl,,y.] wherey, is the last point in  the existence of a zero mode. Suppose now ghat 0. For
which ¢ vanishes. In this range, the trajectory is governedm?=0, Eq.(11) can be solved explicitly, yielding

by the systeni23), which tells that the trajectory will remain

) o o v B
" (1)) = (0,0) untily=y.. | oy =er0)+e0) [ o) 7y, @
So, we have proved that in any case, the mm@es such y-
that )
that is,
P2y, )=0, I2(y.)<O0. (34
m2(Y + m2Y + 3 a(y_)? Hy)

. . 2 - Woly)= G A ) ¢ 3

The trajectory corresponding to7 is shown in Fig. 1 for a 2 HY-) “la(y)

particular choice of background. We finally obtain that

F(m)=g.I1,2(y.) is of opposite sign tay, . Since we N icz 1_2H(Y) fy a§)°dy
know thatF(0) is of the sign ofy, , there is always at least K2 a(y)®Jy-
one tachyon mode with a squared mass in the ra1n§e
<=m?<0 (and in many cases, it is straightforward to prove K% op(y)? 3 aly.)®
the existence of a second one in the rarge<m?<m?). o(y)==5 ay)?® | & @ Ay C2
(© If g, =0, orif g(y,)=0, we see thaE(0)=0. So, y
there is a zero-mode, whose existence is phenomenologically ooV (Y ~ . -
unacceptable, since it mediatéanobservel long range +2¢, 3 f a(y)3dy. (39
forces, unless th# wave function is sufficiently suppressed a(y)” Jy-

on the brane. Precisely, ERO) shows thatV,(y.) must be
bigger than¥,(0) and than the wave function of the mass-
less graviton on the brane. As a consequedceyould carry

Now, if g.#0, a zero mode exists if the equations
ITo(y_)=0 andIly(y,)=0 can be solved simultaneously
long-range forces stronger than gravity. with nonvanishingc, andc,. The only case in which such a

We insist on the fact that our conclusion does not rely orcOndition is verified is if eitherpo(y—) or ¢o(y.) vanish.
any particular assumption concerning the background solulherefore, to summarize, zero modes exist if and only if at
tion. Therefore, any codimension-1 compact model that inl€@st one of the conditiong, =0, g_=0, ¢,(y-)=0 and
cludes one brane at a fixed point ofZa symmetry and a #o(y+)=0 holds. In no other case will massless modes
bulk scalar field will have at least a tachyon mode, and will€mMerge.
be unstable. This agrees with the conjecture that was made in
[3] about the impossibility of stabilizing models in which the B. A condition for stability
background behaves at some point as in E4®)—and
proves it in the particular case of compact models with onIyW
one brane.

Let us now turn to the existence of tachyon modes. We
ill assume that the scale factafy) is a monotonic func-
tion of y (therefore the case in whicH=0 at some point

will not be considered in the present and the following sub-

IIl. TWO BRANES section, and we choose without loss of generality the posi-
In this section we will apply to systems of two branes tion of the branes in such a way tha(y) <0. We will also
techniques that are similar to the one used in the above se@ssume thatp, does not vanish at any poifithe case in

tion. We will deduce some properties of the potent}ﬂ(@) which QD(,) has zeros will be considered in the next subsec-
andU .. (¢) that allow us to establish whether any tachyontion). Now suppose thag_>0. Then Eq.(35) implies that,

(or zerg modes exist in the system. for negativem?, W 2(y_) andIl2(y_) must have the same
To prove the absence of tachyon or zero modes, we sinsign. Without loss of generality we can assume it to be posi-
ply require that the equations tive, and suppos® 2(y_)=1. Then the second of E(R3)
shows that, as long d$,2(y) is positive,¥ 2(y)>1. But it
g_I2(y_)+m>¥ 2(y_)=0 (350  is easy to see thdll2(y) can never become negative. In-
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deed, to become negative, it should cross zero, butligr
=0, the first of Eqs(23) shows thaf(since ¢;#0 by hy-
pothesi$ at that pointdIl,2/dy>0, so it cannot be turning

from positive to negative. Thus we conclude that for what-

everm?<0, ¥, 2(y,) and Il 2(y.) will be positive. As a
consequence, i, is negative, Eq(36) cannot be fulfilled
for any negativem?. Thus, for g_>0 and g, <0, no
tachyon modes can exist and the system turns out tal-be
waysstable, as long as the conditioHs~0 and¢|+ 0 hold.
From the definitior(17) we see that, itl?U_. /dg3— + the
system isalwaysstabilized. In particular, this was the regime
analyzed in[2]. Actually, from the above considerations it
follows that any bulk potential/(¢) which does not spoil
the conditionsH+0 and¢(#0 can lead to radius stabiliza-
tion if d?U.. /d¢g are positive and large enough.

C. Instability of other cases

Keeping the assumption thatis a monotonic function of

y, and that the position of the branes is chosen in such wa

thatH(y)<0, we will show here that the three criteria for-
mulated in the previous subsectioregfy)+#0, g_>0 and

g, <0—represent a necessary and sufficient condition for

stability.

PHYSICAL REVIEW B9, 084010(2004

1 a¥y_) eoy)

W a(y) = — e
=g a¥y) eq(y-)
o'(y) 0'(y-) _
|Imt+( o+ gy - ey 7 rerimi ™)
dml(y-y-)
X—2 ,
Im| 2%y ) eg(y)
I a(y) = — —
=g a¥y) eqly-)
2 12 0/ _)
x| mi+{ g - E - 2 +o<|m|l>}
dmity=y-)
X— (41)

2
Inserting this expression in E(R1) gives, at leading order in
?|

. m| a®4(y_)
lim F(m2)=ngTT
a’(y+)

Our strategy will be analogous to the one of the previous

section, and we will make use of the functiBim?) defined
in Eq. (21). To begin with, we observe that,2(y_) cannot

2
poy.) &M=y
X

eo(y-) 2 42

vanish. Indeed, if this were the case the boundary condition

(35) would impose that alsoP | ,(y_) vanishes(since we

which is of opposite sign tdg_¢4(y. )/ eo(y_)]. We shall

know that ifg. =0 a zero mode exists, we will assume from NOW distinguish between various cases.

now on thatg. #0). Then Eq(10) would be trivially solved

(@ If g+ and[g_eg(y )/ eo(y_)] have the same sigf,

, 2 2 ‘ :
by ¥=0. We will thus be allowed to assume that the func-nas & zero between®=0 andm”— —<, so there is at least

tion ¥ 2 appearing in the definitiof21) is a solution of Eq.
(10) such that¥2(y_)=1, and¥ ,(y_) is determined by
Eq. (35).

We can evaluaté(m?) at m>=0 andm?— —« as fol-
lows. Form?=0, the solution of Eq(10) is given in Eq.
(38). Imposing the boundary conditio35), we get exactly
the same solutiofW(y),IIy(y)) as in Egs.(30), and we
find thatF(0) is of the sign ofg. ,

-

Let us then turn to the evaluation &(m?— —). In the
limit of large —m?, the equation fou is trivial,

2_K2 (P(,)(Y+)2 y

F(O 3

ay.)? y+a<'9>3d~y)g+. (39)

v"+m?y=0. (40

We can then find the solution fa¥ ,2(y) using Eq.(15), and
normalize it to ¥ 2(y_)=1 and to Eq.(35. For |m|(y
—y_)>1, the final solution reads

one tachyon mode.

(b) If g4 and[g-@o(y+)/@o(y-)] have opposite signs,
and ¢ vanishes at least in one point, in the range
ly_.y+[, we know that in the limitn®>— —, the solution
for ¥ 2(y) must change sign in the vicinity of, sinceg,
is in a factor of Eq(41). So, we can use the same argument
as in the single brane case: sineg(y) is strictly positive
for m*=0 and goes to negative values fof— —o, there
exists a modem% obeying the definition(32). This mode
must fulfill condition (34), and so

F(mD) =g, Iy2(y,) (43)
is of opposite sign tag, and toF(0). So,F has a root
betweenmzsz and m?=0, corresponding to a tachyon
mode.

(c) Finally, if g, and[g_eg(y )/ e5(y_)] have opposite
signs and ¢, never vanishes—which implies that
ooy ) ep(y_) is positive—we can sayi) eitherg, >0
and g_<0, and Eq.(41) shows that for any value of,
¥ .2(y) is negative for sufficiently large-m?, so we can
define the modeni in the same way as in cagle) and reach
the same conclusion that there is at least one tachyon mode;
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(ii) org,. <0 andg_>0, and we are exactly in the case of 1.5 .
the previous subsection, in which we know that there is no
tachyon mode.

The cases(a), (b) and (c) include any possible situ-
ation.So, we conclude that for two-brane systems with a
monotonic scale factoa(y), the necessary and sufficient 0.5
condition for radion stabilization reads

0
-05 e i i
if the brane positions were chosen in such way tHaéy) A ! !
<0—the alternative choickl(y)>0 would lead tog, >0, 0 0.05 0.1 0.15
g,<0. M(Y+_y-)

Criteria that guarantee radius stabilization were studied in _
[10], us|ng an approach based on a four-dlmens|ona| effec_ FIG. 2. .Value Ofg+ and of the Squared mass of the ||ghtest
tive description of the system. Thextremization constraint Kaluza-Klein mode for the mode#6). The value of the various

formulated in[10] can be rewritten in terms of the quantities parameters can be found in the main text. The critical vajye
defined in the present paper as below which the system is unstable is such that—y_

=0.11u" 1.
eoly-)?aly-)y2g-— eo(y+)?aly+)y:g:. =0, (45 V()= — 24 422,
K202
where the inequality is saturated when there is a massless 6 m
radion. This is indeed a necessary condition, sincegfor Ui(‘P)::TJF _i((P_Ui)Z. (46)
positive andg, negative the inequality45) always holds. K2 2

On the other hand, the criteria that led to tachyon modes

cannot be obtained by the above formula, which does nolh the spirit of the original papef2], we have assumed for

represent, as a consequence, a sufficient condition for radide brane tensions their RS valdes/(«*(). However, con-

stabilization. We attribute this to the fact that a four- Sistency requires that the suth, +U_ be not positive 14].

dimensional effective description is valid only if the system Therefore, in general eithen,. or m_ will have to be nega-

is actually close to a stable point. tiye. Al'ghough negatiye mass terms are present in thg five-
Before giving an explicit example, we remark that the dimensional Lagrangian, this will not induce an instability as

results discussed in the previous section for a single bran?ng as talch}/fonl(_: mck:des dol not 'aplpear n ITC? hfour—
cannot be obtained as a special case of the present analysis. jjensional effective theory. Atema’uve y, we could have
is true that systems with a single brane can be seen as Qosen to detune the brane ten5|on§,_ thus allowing for a
special case of two-brane systems, in two different waysneg"j‘t've value ol U even for positive values of both

i X ) ’ . m,. andm_.
First, one can imagine that one of the two branes is fake an We now fix¢, x, m_ ando_ , solve Eqs(4) iny_ for ¢

has a va}nlshlng tenspbl_—o. Second, Oneé can Impose 4 ¢', and evolve the bulk equatiori®) until the position
U_=U.: then, there is a new _symm_etry with respectyto of the second brang, is reached. There we read the value
=(y++y-)/2, and the system is equivalent to a one-braneof m, andv . . Therefore, we can deduce the behaviog of
system plus its mirror image. In the first case, however, ongg 5 function of/. . In Fig. 2 such behavior is plotted for the
would havee’(y_)=0 and thereforeg_ would be_diver- following choice of parameters: 66£¢2)=100, kv_=1,
gent. In the second case one would have t@t) is not m_=100u. This implies thay_ =35 is positive. The plot
monotonic between the two branes. In both cases, the analgnows the presence of a critical valygeof y, such that, for
sis of the present section would not hold. This is why Wey . <y., g. has the same sign & . Therefore, according
have devoted a separate section to the single-brane case. tg the discussion of the preceding paragraphs, the system is
unstable. On the other hand, fpr >y, the system fulfills
the stability criteria of the previous section, and no tachyon
mode should appear.

As an application of our formalism, let us consider the As a cross check, in Fig. 2 we also plot the value of the
Goldberger-Wise moddP]. We consider a slight modifica- squared mass of the first Kaluza-Klein md@eunits of 2
tion of the original model, replacing the quartic terms in theas a function ofy, . Such a plot is obtained by numerically
brane potentials by quadratic terms, such that the bulk angearching the first zero of the functi®(m?) defined in Eq.
brane potentials read, respectively, (21). It is apparent that, wheg, crosses zero, the squared

D. An example
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mass of the first Kaluza-Klein mode turns from negative tosuming thatH(y) is everywhere negative betwegn and
positive. We thus see that the analytical critédd) are veri- y_ , the condition for stability is thap, should never vanish
fied by a full numerical computation. Moreover, for the in this interval, while the quantitieg_ andg., defined in Eq.

model at hand, we see easily that there is a critical distanc@l7) should be, respectively, positive and negative.
y. below which the model cannot be stable.

In conclusion, we have seen that the stability and instabil-
ity of the system we have considered are essentially encoded
in the value ofg,. andg_ (that depend only on background  The work of L.S. is supported by the European Commu-
quantities. We have shown that models including only one nity Human Potential program under contract HPRN-CT-
brane are unstable, independently of the bulk and brane p@000-00152 “Supersymmetry and the Early Universe.” We
tentials. Zero modes emerge if and only if at least one amongould like to thank A. Riotto for very interesting comments
the quantitiesg_, g, ¢4(y-) and ¢i(y,) vanishes. As- on this manuscript.
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